The calculation for the optics of the synchrotron radiation small and wide angle x-ray scattering beamline, currently under construction at SESAME is described. This beamline is based on a cylindrically bent germanium ͑111͒ single crystal with an asymmetric cut of 10.5°, followed by a 1.2 m long rhodium coated plane mirror bent into a cylindrical form. The focusing properties of bent asymmetrically cut crystals have not yet been studied in depth. The present paper is devoted to study of a particular application of a bent asymmetrically cut crystal using ray tracing simulations with the SHADOW code. These simulations show that photon fluxes of order of 1.09ϫ 10 11 photons/ s will be available at the experimental focus at 8.79 keV. The focused beam dimensions will be 2.2 mm horizontal full width at half maximum ͑FWHM͒ by 0.12 mm vertical ͑FWHM͒.
I. INTRODUCTION
Nowadays, synchrotron radiation is an established powerful tool for many kinds of research in basic sciences as well as in industry. The increasing interest in this type of light source is demonstrated by a large synchrotron radiation laboratories worldwide [1] [2] [3] [4] [5] The third generation of synchrotron sources ͑ESRF, APS, and Spring08͒ [1] [2] [3] and the new synchrotron facilities under construction as PETRA III ͑Ref. 4͒ and SESAME ͑Ref. 5͒, as well and new generation of free electron lasers, open new possibilities for fundamental and applied research. The experiments exploit the high brilliance and the coherent properties of the x-ray beam. Concerning the beamline optics, no benefits could be made from the low emmitance and high flux characteristics of the x-ray beams without considering focalization. In addition to mirrors, the focalization problem can also be done by combining both the diffraction and the focusing properties of crystals. To achieve the required focusing action, one can play with the orientation of the diffracting atomic planes, which must change along the crystal. This can be met by means of a bent symmetrical crystal, as well as flat or asymmetrical crystals. Bent symmetrical crystals have been used for x-ray spectrometers and x-ray interferometers. 6 The focusing properties of these crystals have been extensively described. 7 However, the focusing properties of bent asymmetrically cut crystals have not yet been studied in depth. The present paper is devoted to study of a particular application of a bent asymmetrically cut crystal using ray tracing simulations with the SHADOW code [8] [9] [10] [11] and apply the results to obtain quantitatively the dimensions of the resulting monochromatic beam. The algorithms to ray tracing asymmetrically cut crystals are based on the bulk periodic structure of Bragg planes and the one dimensional grating on the crystal surface. 12 The former determines the existence of a rocking curve near Bragg conditions and is implemented in SHADOW using the dynamical theory of diffraction. 13 The latter, which is formed by the truncation of the lattice planes with the surface, is responsible for the focusing properties of the crystals in question by determining the rays trajectory.
II. BEAMLINE LAYOUT AND OPERATION
The basic optical design of small and wide angle x-ray scattering ͑SAXS/WAXS͒ beamline is shown in Fig. 1 . The source is a dipole bending magnet of radius 5.73 m, operating at wavelength 1.41 Å. The geometric parameters and optical specifications are detailed in Table I . The beamline consists of two optical elements. The first one at 11.0 m from the source is the horizontal focusing crystal monochromator. It is an asymmetric Ge ͗111͘ in Bragg ͑reflection͒ configuration which selects a fixed wavelength of 1.41 Å. The design concept and performance of this type of monochromator have been discussed elsewhere.
14,15 For a cubic crystallographic structure, the d-spacing of the ͗h k l͘ reflection is given by
where a is the unit cell parameter ͑for germanium; a = 5.66 Å͒. This gives the d-spacing value for the selected reflection d Ge͗111͘ = 3.25 Å and therefore, a Bragg angle of 12.47°. The diffracting plane is horizontal and the beam size is calculated at the focusing position at the sample. The asymmetry angle between the crystal surface and planes is ␣ a͒ = 10.5°; and the crystal was set to focus in real space ͑asym-metry factor b Ͼ 1͒. The crystal diffracts photons of 8.79 keV, yielding an incident and reflected angle i and r of 67.04°and 88.04°, respectively, both measured with respect to the same crystal surface normal facing to the incident beam. These values give the asymmetry factor b = cos i / cos r = 11.40. The monochromator deflects the beam sideway and focuses it in horizontally at the mean position of the sample. The second optical element at 12.5 m from the source is the vertical focusing mirror. It is a 1.2 m long rhodium coated planer mirror bent to form a cylinder.
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III. ANALYTICAL FORMULAS FOR OPTICAL COMPONENTS
A. Theoretical survey of crystal optics
The asymmetrically cut crystal is a crystal in which the considered diffraction planes form an angle ␣ to the crystal surface, as shown in Fig. 2 The lattice vectors G ជ determines the possible x-ray reflections, k ជ i and k ជ r are the wave vectors of the incident and diffracted beam; respectively. The G ជ modulus is 2 / d and the G ជ direction is perpendicular to the crystalline planes. It is assumed in the diffraction process that k i = k r =2 / , where is the photon wavelength ͑elastic scattering condition͒. When the scattering vector is exactly equal to a reciprocal lattice vector,
the diffraction condition is satisfied ͑kinematical diffraction͒. The dynamical theory of the diffraction ensures that the incident directions close enough to the kinematical will also be reflected with appreciable intensity, due to the finite width of the diffraction profile. Using Eq. ͑2͒ and the elastic condition, and projecting onto the diffraction plane, the diffraction condition can be written as
is the classical grating equation and Eq. ͑4͒ is another statement of Bragg condition for asymmetrical diffraction. The reflectivity of perfect crystal can be calculated by means of SHADOW using the dynamical theory of diffraction. The absorption in the general asymmetric case is taken into account by extending Warren's procedure. 16 The crystal is considered to be composed by an infinite number of crystalline planes. The incident radiation is reflected by each plane with intensity proportional to the structure factor of its atoms. Due to the index of refraction n, this angle is shifted from the Bragg angle B . However, for asymmetrical crystal, this angle satisfies the corrected Bragg's law with refraction 2d sin s,max ͩ1−
ͪ=m.
͑5͒
For the asymmetrical case, the incident and reflected angles ͑measured to the surface͒ at which the reflectivity is maxima, are related to s,max as
Focusing monochromatic x-ray beams with bent crystal requires two conflicting conditions. The first is the Bragg condition, the second is the geometrical focusing condition. The latter implies different meridional curvature radii. These radii are of the lattice planes involved and of the crystal surface. The focusing of the curved asymmetrically cut crystal in the tangential R t and sagittal R s direction is given as The crystal behaves like a grating with a ruling produced by the truncation of the Bragg planes with the crystal surface. This equivalence refers only to the changes introduced by the crystal in the incident wave front. This assumption allows writing the formulas describing the focusing of the monochromatic beam in the same way that is done for grating.
B. Theoretical survey of the optics of mirror surface
The quality of the mirror is measured by two parameters, the waviness or slope errors values, and the surface roughness. Slope errors are usually specified as the rms variation along the mirror and perpendicular to its length. It is caused by long period ripples on the mirror surface. Waviness or slope errors degrade the focusing performance of the mirror. The slope errors determine a deflection of the reflected beam from the ideal path ͑coherent reflection͒. 17 The rms slope error ⌬ rms is defined as the square root of the mean of the slopes squares
with
Here N is the number of interval in the y-direction and y i is the coordinates of the measured points along the scanning direction. Roughness is usually specified as the rms of the height of the surface. Roughness is caused by atomic scale fluctuations on the surface height. Surface roughness affects the reflectivity curve and smoothes out the intensity drop off at the critical energy. Surface roughness causes that the rays are not all reflected in the specular direction, but causes a diffuse scattering back ground. More precisely, roughness produces diffraction of the photon beam ͑incoherent reflection͒. 17 The microroughness is measured by using the square root of the mean value of the square distances z i from the mean surface level
where N is the total number of calculated points whose index is i. The value of rms error is not enough to completely characterize the surface. The waviness and roughness frequencies included in the calculated profile are evidenced when the Fourier transform of the profile is calculated. The Fourier transform is peaked at frequencies corresponding to characteristic length that do show in the profile.
The mirror surface will be characterized by the presence of many frequencies; part of them will be used to determine the optical characteristics. These frequencies are determined by the power spectral density function ͑PSD͒. It is the frequency spectrum of the surface profile measured in length units and proportional to the square modulus of its Fourier transform. The PSD can be calculated numerically, as shown by 19 
S͑f m
where W is the weighting window and D = y n+1 − y n is the sample distance. The period of oscillations included in the profiles are given by the peaks position in the PSD function. The position of these peaks determines the maximum frequency available f max =1/ 2D which is known as Nyquist frequency. The minimum frequency is characterized by the total length L of the surface; f min =1/ L and the fundamental frequency is 
095106-3
1 / 2L. The PSD function contains all the information regarding the waviness and roughness, depredating on the range in which it is calculated and analyzed.
IV. NUMERICAL RESULTS: SHADOW CALCULATIONS
A. Source generation
The required information that we need to generate the source is tabulated in Table II . The source is usually created using the Monte Carlo method to sample rays with the spatial, angular and energy distribution of the synchrotron sources. At the source position, the intensity of each ray or its probability of observation is set to one. This intensity will decrease along the beamline due to the interaction of the rays with the optical elements. The source generated by SHADOW samples linearly the real source, which allows scaling the intensity with the number of photons. Figure 3 illustrates the successful generation of our source. Also this figure illustrates the intensity of the good rays that generates the source. From this figure we can conclude the following. ͑b͒ The PSD function of the Rh-mirror profile displayed in Fig. 7͑a͒ .
B. Reflectivity
The theoretical reflectivity curve for a germanium ͗111͘ asymmetrically cut crystal with ␣ = 10.5°as a function of photon incident angle is shown in Fig. 4 . The theoretical reflectivity of the rhodium coated planer mirror as a function of photon incident angle on the mirror surface is illustrated in Fig. 5 . These two curves are obtained by means of XOP code.
8 Figure 4 shows the peak reflectivity of both smooth and rough mirror surface. The reflectivity of the rough surface is calculated from the smooth one by the Debye-Waller exponential factor
where R 0 is the ideal surface reflectivity calculated by the Fresnel equation, is the rms surface roughness, is the grazing incident angle, and is the photon wavelength.
C. Analysis of roughness and waviness: Simulation of mirror surface
Roughness can be simulated in ray-tracing SHADOW code by assuming that the mirror surface consisting of overlapping gratings of different frequencies. The grating frequencies for the roughness scattering can be calculated by means of the surface PSD function. Such model is already implanted in SHADOW. 19 For waviness model, a computer generated surface with the desired rms slope error is adopted. 19 Since the x-ray wavelength is much less than the length that characterizing the waviness, so the geometrical optics approximation is valid. Under these assumptions, rays are reflected from the titled element of the optical surface. Figure 6 illustrates the Rh-mirror surface mesh generated by SHADOW with 10.0 ar csec slope error. The total length of the surface is 120 cm and the width is 5.0 cm. Figure 7͑a͒ shows a single profile of the mirror surface slope error. The spread of the radiation around the central peak is given by the power spectrum of the surface roughness, as shown in Fig. 7͑b͒ . The PSD is easily computed from the surface roughness curve. This is acceptable only as long as the slope distribution is symmetric, as shown in Fig. 7͑a͒ .
D. Beam focusing at the sample position and flux calculation
The SHADOW ray tracing results, showing the ray distribution at the sample focus, 8.79 keV photon energy, is shown in Fig. 8 . The extracted results of the ray tracing are shown in Table III The spot obtained by including the roughness and waviness of the mirror surface in SHADOW exhibits two satellite structures in the vertical direction. These structures are intrinsic to the particular mirror surface that we simulated. It is impossible to get rid of them but we can reduce them by limiting the beam footprint on the mirror surface. This can be achieved by decreasing the vertical angular acceptance. The decrease in the angular acceptance is accompanied by a decrease in the number of photon at the sample position. Moreover, the predicted result could be different to the experimental results obtained with a real mirror profile which will necessarily be different from the simulated one. This points out the importance of the slope errors that contribute in the low frequency of the PSD; because they are responsible of possible artifacts in the focal spot. Figure 8 shows that a certain number of rays are absorbed by the monochromators. These absorbed rays having intensity zero, as shown on the intensity curve. It is seen that the intensive rays reaching the central part of observation plane. The intensity of the beam at the sample position and its energy bandwidth can be used to calculate the x-ray flux at the sample. The parameters used in flux calculation are tabulated in Table IV. The flux ͑photons/s͒ at the sample position is
where F sample denotes the x-ray flux at the sample position, F source denotes the x-ray flux from the source in 1 eV bandwidth, T 1 eV denotes the system coefficient of transmission in 1 eV bandwidth, and ⌬E sample is the energy bandwidth of the sample calculated from the histogram of the diffracted intensity versus the photon energy, as shown in Fig. 9 . On the other hand, the total flux coming from the source F source is calculated from the curve shown in Fig. 10 . The obtained result is tabulated in Table V . T 1 eV is calculated as follows:
T 1 eV = number of intense rays/⌬E sample total number of rays/⌬E source , ͑17͒
where the SHADOW numerical result for T 1 eV is also tabulated in Table V . By substituting the numerical result of F source , T 1 eV and ⌬E sample we calculate the total number of photons per second integrated over all the energy bandwidth at the sample position. The obtained numerical result is also tabulated in Table V .
V. CONCLUSION
The SAXS/WAXS SESAME beamline under construction is simulated by means of the ray tracing program SHADOW. The main difficulty in the simulation of this beamline comes from the Ge ͗111͘ asymmetrically cut crystal. We treated this crystal as a grating with a ruling produced by the truncation of the Bragg planes with the crystal surface. Numerical results showed that the intensity of rays was decreased along the beamline due to the interaction of the rays with the optical elements. As consequence, the total number of photons arriving to the sample is decreased. By taking into account the intensive rays that arriving to the sample; we successfully calculated the x-ray flux at the sample as well as the beam focusing spot size in both horizontal and vertical plane. Photon fluxes on the order of 1.09ϫ 10 11 photons/ s will be available at the experimental focus at 8.79 keV. Shadow ray tracing shows that the experimental focus should be 2.2 mm horizontal ͑FWHM͒ by 0.12 10 . ͑Color online͒ X-ray flux on the SESAME bending magnet. 
